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4.10 Summary and Discussion
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Introduction - Angel modulation

Angel modulation

The angle of the carrier wave is varied according to the
information—bearing signal and the am plitude remains

constant

Lesson I : Angle modulation is a nonlinear process, which
testifies to its sophisticated nature. In the context of analog
communications, this distinctive property of angle modulation
has two implications :

» In analytic terms, the spectral analysis of angle modulation is

complicated

» In practical terms, the implementation of angle modulation is

@ demandlng Dr. Ahmed Masri /
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Introduction - Angel modulation

Lesson 2 : Whereas the transmission bandwidth of an amplitude-
modulated wave is of limited extent, the transmission
bandwidth of an angle-modulated wave may an infinite extent,

at least in theory

Lesson 3 : Given that the amplitude of the carrier wave is
maintained constant, we would intuitively expect that additive
noise would attect the performance of angle modulation to a

lesser extent than amplitude modulation.

@ Dr. Ahmed Masri /
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Introduction - Angel modulation

o Angle modulation can provide better discrimination against

noise and interference than amplitude modulation

o Angle modulation provides us with a practical means of
exchanging channel bandwidth for improved noise

pezforman ce

Dr. Ahmed Masri /
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Chapter 4.1- Angel modulation

Basic Definitions
Consider again the general carrier

V (t) = Accos(a)ct + ¢C)

C

(a)cf + ¢c) represents the angle of the carrier.

There are two ways of varying the angle of the carrier.
a) By varying the frequency, ®, — Frequency Modulation.
b) By varying the phase, ¢ — Phase Modulation

@ Dr. Ahmed Masri /
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Chapter 4.1- Angel modulation

Basic Definitions — one way to derive FM modulation
In FM, the message signal m(t) controls the frequency f_of the

carrier. Consider the carrier

V. (1‘) = Accos(coct)

then for FM we may write:

FM signal
v ()= Acos(2x(f. + frequency deviation) ¢)

,where the frequency deviation will depend on m(t).

@ Dr. Ahmed Masri /




/ 11/ 121
Chapter 4.1- Angel modulation

Basic Definitions

Given that the carrier frequency will change we may write for

an instantaneous carrier signal

A cos(wit)= A cos(2nft)= A.cos(6)

where 0 is the instantaneous angle = w1 =2nf1 and f, is the instantaneous
frequency.

@ Dr. Ahmed Masri /
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Chapter 4.1- Angel modulation

Basic Definitions

do. 1 dé
Si =2xft th “=2xnf or = ’
mee 6= 2w e dt 4 - 2m dt

i.c. frequency is proportional to the rate of Change of angle.

If f_is the unmodulated carrier and t_ is the modulating frequency,

then we may deduce that

1 dO
= f +Af coslw t)= Z
£ S+ A coslo,r) =5
Af is the peak deviation of the carrier.
1 dé
Hence, we have -=J.t Af;COS(CUHJ )
) 21 dt 10
l.e. —L=2gf + 27rAfCCOS(a)mZ‘)

\ ’ dt J
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Chapter 4.1- Angel modulation

Basic Definitions

After integration 1.e. I (a)c +2ndf Ccos(a)mr))dz

0=+ ZEAﬂsin(wnzt)
a)nl
0 =awt+ e sin(w ¢)
fm
Hence for the FM signal, v, (f ) = ACCOS(Q;)
s 2

m

vV, (2‘) = Accos[a)ct + =l sin(a) Z‘)]

m

N . )/
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Chapter 4.1- Angel modulation

Basic Definitions

= is called the Modulation Index denoted by P i.e.

T

The ratio

- Peak frequency deviation

p

modulating frequency

* Note — FM, as implicit in the FM equation for v (t), is a non-linear

process
*The FM signal for a message m(t) as a band of signals is very

complex. Hence, m(t) is usually considered as a 'single tone
mlt)= 4,cos(w, )
N /

modulating signal’ of the form
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Chapter 4.1- Angel modulation
Basic Definitions — Other way to get S(t)for FM and PM

Angle-modulated wave
s(t)=A cos|O.(1)] (4.1)

Where

> ei(t) denote the angle of a modulated sinusoidal carrier at time
t: it is assumed to be a function of the information—bearing

signal Or message signal

» A_is the carrier amphtude

@ Dr. Ahmed Masri /
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Chapter 4.1- Angel modulation
Basic Definitions — Other way to get S(t)

If Oi(t) increases with time, then the average frequency in hertz,

over a small interval from ¢ to ¢ +At, is given by

0.(t+At)—0.(t)

fm(r): Y

Dr. Ahmed Masri /




Chapter 4.1- Angel modulation
Basic Definitions — Other way to get S(t)

Allowing the time interval At to approach zero leads to the

following definition for the instantaneous frequen cy of the

angle-modulated signal s(t)

J:(2) =lm £, (1)

Ar—0

O(t+A)-0(t)

= lim
Af—0

1 4o (1)

:27r dt

6,1)= 271+,
o

27\t

(4.2)

for m(t) =0

Dr. Ahmed Masri
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Chapter 4.1- Angel modulation
Basic Definitions — for general m(t)

I. Phase modulation (PM) is that form of angle modulation in which the

instantancous angle is varied lincarly with the message signal
O(1)=2nf1+k m(t) (4.3)
s(t) = A, cos|2af .1+ k m(t)| (4.4)
2. Frequency modulation (FM) is that form of angle modulation in

which the instantancous frequency is varied hnearly with the message

signal f()y=f. +k.m(t) (4.5)

6,(1) =2z fi(z)dr c;fz—m . i21 o;f
T

=2af1+ 27k, | m(r)dr  (4.6)

=4 005[277;f 2k rm(r)dr} (4.7)

Dr. Ahmed Masri /




Chapter 4.1- Angel modulation

Basic Definitions

I TABLE 4.1  Summary of Basic Definitions in Angle Modulation

19 7/ 121

Phase modulation

Frequency modulation

Comments

Instantaneous 2wfct + kpm(t)

phase 6,(t)
do.
- =2nf, or
dt
k
Instantaneous [ + —pim(t)
2m dt
frequency f(¢)
Modulated A, cos[2mf .t + kpm(t)]
wave s(t)

t
2nf t + Zvrkf/ m(7) dr
0

I do
7 2w dt
fe + kem(t)

t
A, cos[z':rfct + 217!3,:] m(7) dr]
0

A_: carrier amplitude

f.: carrier frequency

m(t): message signal

ky: phase-sensitivity
factor

kg frequency-sensitivity
factor

@

Dr. Ahmed Masri /




/ 20/ 121
Chapter 4.2: Properties of Angle-

Modulated Waves
Fi1 g 4.1 a) Carrier wave

b) Sinusoidal modulating signal /\ /\

\./m \_/
| \ 1 : n \ \
¢) Amplitude-modulated signal f A A A ﬂ fa- AN
TAAA UVVVV
/ U J V | AR J
d) Phase-modulated signal |H ‘ ‘ ‘ ‘ “H 0| l ‘ ‘ ‘ “|

"HHHH‘HHH!"'

| LA L) Hll

1 [ | H
L R

e) Frequency-modulated signal




Chapter 4.2: Properties of Angle-
Modulated Waves

Example ‘ ‘ ‘ ‘ ‘ ‘

Modulating Wave /\//\/

AM modulated ‘ l
Wave ' 111 ‘ ANV = -

o




Chapter 4.2: Properties of Angle-
Modulated Waves

PM modulated Il 1] _
= A AT
(=
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Chapter 4.2: Properties of Angle-

Modulated Waves

PROPERTY 1 Constancy of transmitted power
® The amplitude of PM and FM waves is maintained at a

constant value equal to the carrier amplitude tor all time.

» The average transmitted power of angﬁe—modulated waves 1s a

constant

1
P =—A4 (4.8
av 2 e ( )

where it is assumed that the load resistor is 1 ohm.

V?
P
e R
K Dr. Ahmed Masri /
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Chapter 4.2: Properties of Angle-

Modulated Waves

PROPERTY 2 Nonlinearity of the modulation process
® We say so because both PM and FM waves violate the
principle of superposition
Suppose, for example, that the message signal m(t) is made up of

two ditferent components m1(t) and m2(t) as shown by
m(t) = m,(t)+m,()
Then ,let s(t), s1(t) and s2(t) denote the PM waves as follow
s(t) = A, cos|2f .t + k,(m,(t)+ m,(1))]
5,(1)= A _cos2af .t +k,m (1)}
s,(t) = A_cos2af.t + k m,(1)]

@ [ s(t) # s, (1) + 5, (¢) ]/

r]l' ".\l_'l'n_\l"'fl k-"!‘"l*{l'i
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Chapter 4.2: Properties of Angle-
Modulated Waves

PROPERTY 2 Nonlinearity of the modulation process

® The ftact that the angle—modulation process is nonlinear

Complicates the spectral analysis and noise analysis of PM and

FM waves, compared to amplitude modulation

Dr. Ahmed Masri
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Chapter 4.2: Properties of Angle-

Modulated Waves
PROPERTY 3 Irregularity of zero-crossings

® Zero-crossings are defined as the instants of time at which a
waveform changes its amplitude from a positive to negative

value or the other way around.

® The ZETO-Crossings of a PM or FM wave no longer have a

perfect regularity in their spacing across the time-scale.

® The irregularity of Z€ro-Crossings in angle—modulation waves

is also attributed to the nonlinear character of the

modulation process.

@ Dr. Ahmed Masri /
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Chapter 4.2: Properties of Angle-

Modulated Waves

PROPERTY 3 Irregularity of zero-crossings
A | ﬂ il \
n ” \

AM modulated f
Wave

PM modulated vﬁﬂ ” n n \ | ”W
Wave | B
tu J UV VUV
FM modulated f “NM” i nAn ” ’MAW\”” { “ f ﬂ
Wave RN AN RN JVY Vv vy L .
@ VTV VY VUV VY \/UJN/




/ 29 / 121
Chapter 4.2: Properties of Angle-

Modulated Waves
PROPERTY 3 Irregularity of zero-crossings

We may cite two special cases where regularity is maintained in

angle modulation:

1. The message signal m(t) increases or decreases linearly with
time t, in which case the instantaneous frequency f;(t) of the
PM wave changes from the unmodulated carrier frequency f

to a new constant value dependent on the slope of m(t)

Dr. Ahmed Masri /
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Chapter 4.2: Properties of Angle-

Modulated Waves
PROPERTY 3 Irregularity of zero-crossings

We may cite two special cases where regularity is maintained in

angle modulation:

2. The message signal m(t) is maintained at some constant value,
positive or negative, in which case the instantaneous
frequency f;(t) of the FM wave changes from the
unmodulated carrier frequency f to a new constant value

dependent on the constant value of m(t)

Dr. Ahmed Masri /
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Chapter 4.2: Properties of Angle-

Modulated Waves
Example 4.1 Zero-Crossings

¢ Consider a modulating wave m(t) that increases linearly with

time t, starting at t=0, as shown by

(at. t>0
0, <0

a is the slope parameter (Figure 4.2a)

m(t) =+

m(t) slope a = 1 volt/s

time

e !
K Dr. Ahmed Masri /
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Chapter 4.2: Properties of Angle-

Modulated Waves

Example 4.1 Zero-Crossings
In what follows, we study the zero-crossings of the PM and FM

waves produced by m(t) for the following set of parameters:

|
a=1volt/'s f. = ZHZ
Phase Modulation:

® Let phase-sensitivity factor k,=T/2 radians/volt. Applying Eq.
(4.5) s(r)=4 COS[ziTj:,I+kpm(r)] (45) to the given m(t) yields
the PM wave

KA cos(2xft+k.at). t=0
.S'(_I)ZJ ¢ ( j;' P )

A cos(27ft). t<0
@ ) ; ) Dr. Ahmed Masri /
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Chapter 4.2: Properties of Angle-

Modulated Waves

Example 4.1 Zero-Crossings
which is plotted in Fig. 4.2(b) tor Ac=1 volt.

m(t)

J -

337121

slope a = 1 volt/s

0
(a)

Phase modulated wave sp(1)

1.0
-1.0

(b)
©

Dr. Ahmed Masri /




/ 34 /121
Chapter 4.2: Properties of Angle-

Modulated Waves

Exam ple 4.1 Zero-Crossin gs
Let t_ denote the instant of time at which the PM wave

experiences a zero crossing; this occurs whenever the angle of
the PM wave is an odd multiple ot 7T/ 2:

k a -
2zﬁrn+A'parn=x(2j;+ ‘; [ =?+nfr. n=0.12.
/
|
;'*'” |
[, =—= t =—+n, n=0,12, ..
k 2
2f. +-+ta
7T

By substituting the given values for f, a and kp into this linear

k for mula Dr. Ahmed Masri /
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Frequency Modulation:
® Let frequency-sensitivity factor, k; =1 Hz/volt. Applying Eq.

(7)=A4, cos[.’brfcr +27k, L:m(r)dr] (4.8)

Chapter 4.2: Properties of Angle-
Modulated Waves

Example 4.1 Zero-Crossin gs

(4.8)

S(f):<

357121

yields the FM wave

KAC COS(272'fcf + 7k ;at” ), t>0

A cos(27ft), <0

Dr. Ahmed Masri /
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Chapter 4.2: Properties of Angle-

Modulated Waves

Example 4.1 Zero-Crossings
which is plotted in Figure 4.2c.

m(2) slope a = 1 volt/s

—/ -

0
(a)

Frequency modulated wave s;(?)

1.0

: l ll‘il' time ¢

-1.0

(c)

Dr. Ahmed Masri /
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Example 4.1 Zero-Crossin gs

Invoking the definition of a zero-crossing, we can obtain:

T

Chapter 4.2: Properties of Angle-
Modulated Waves

2 ft, +7hkat, =—+nx, n=0,1,2,...

1 (

X

1

f.+

4

\

2

B +akf(

where t, is again measured in seconds

©

=0

( 1+J9+16n), n=012.. ..

Dr. Ahmed Masri
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Chapter 4.2: Properties of Angle-

Modulated Waves

Example 4.1 Zero-Crossings
Comparing the ZETO-Crossing results derived for PM and FM

waves, we may make the following observations once the linear

modulating wave begins to act on the sinusoidal carrier wave:

I. For PM, regularity of the zero-crossings is maintained; the
instantaneous frequency changes from the unmodulated value
of £, =1/4 Hz to the new constant value of

fc+kp (a/2m )= 0.5Hz.

Recall that £ (1) = 1 db. (1)
2 df

@ Dr. Ahmed Masri /
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Chapter 4.2: Properties of Angle-

Modulated Waves
Example 4.1 Zero-Crossings

2. For FM, the zero-crossings assume an irregular form; as
expected, the instantancous frequency increases linearly with

time t.

Dr. Ahmed Masri /
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Chapter 4.2: Properties of Angle-

Modulated Waves

The angle-modulated waveforms of Fig. 4.2 should be contrasted
with the corresponding ones of Fig. 4.1. Whereas in the case of
sinusoidal modulation depicted in Fig. 4.1 it is difficult to
discern the difterence between PM and FM, this is not so in the

case of Fig. 4.2.

[n other words, depending on the modulating wave, it is possible
for PM and FM to exhibit entirely different waveforms.

@ Dr. Ahmed Masri /
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Chapter 4.2: Properties of Angle-

Modulated Waves
Property 4 :Visualization difficulty of message waveform

The difficulty in Visualizing the message waveform in angle—
modulated waves is also attributed to the nonlinear character of

angie—modulated waves.

Dr. Ahmed Masri /
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Chapter 4.2: Properties of Angle-

Modulated Waves
Property 4 :Visualization difficulty of message waveform

“ In AM, we see the message waveform as the envelope of the
modulated wave, provided the percentage modulation is less
than 100 percent.

(AM:The percentage modulation over 100 percent—>phase
reversal—distortion)

“* This is not so in angle modulation, as illustrated by the
corresponding wavetorm of Figures 4.1d and 4.1e for PM and

FM, respectively.

@ Dr. Ahmed Masri /
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Chapter 4.2: Properties of Angle-

Modulated Waves

Property 5 :Tradeoﬁofincreased transmission bandwidth

for improved noise performance

* An important advantage of angie modulation over amplitude

modulation is the realization of improved noise performance.

*** This advantage is attributed to the fact that the transmission of a
message signai by modulating the angie of a sinusoidal carrier
wave is less sensitive to the presence of additive noise than

transmission by moduiating the ampiitude of the carrier.

@ Dr. Ahmed Masri /
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Chapter 4.2: Properties of Angle-

Modulated Waves

Property 5 :Tradeoﬁofincreased transmission bandwidth

for improved noise performance

2* The improvement in noise performance is achieved at the
expense of a Corresponding increase in the transmission

bandwidth of angle modulation requirement modulation.

2* Such a trade-oft is not possible with amplitude modulation
since the transmission bandwidth of an amplitude—modulated
wave is fixed somewhere between the message bandwidth W

and 2W, depending on the type of modulation employed

@ Dr. Ahmed Masri /
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Section 4.3: Relationship Between PM
and FM Waves
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Section 4.3: Relationship Between PM

and FM Waves
< Comparing Eq. (4.5 ) with (4.8) reveals that an FM signal may

be regarded as a PM signal in which the modulating wave
J.Or m(7)dr isin place of m(t)

s(7)= A, cos :27rfcr +kpm(r)] (4.5)

s(7)= A4 cos _erfcr + 27k, I; m(r)dr} (4.8)
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Section 4.3: Relationship Between PM

and FM Waves

¢ The FM signal can be generated by first integrating m(t) and

then using the result as the input to a phase modulator, as in

Figurc 4.3a
Modulating Phase
wave > Integrator = . ilator > FM wave
( C \( ¢
1 A, cos (27f_.1)
R +Vee (@)

:—\!WV‘—'——

Y ' T

| Ve Yo

Dr. Ahmed Masri
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Section 4.3: Relationship Between PM

and FM Waves

< Conversely, a PM signal can be generated by first
differentiating m(t) and then using the result as the input to a

frequency modulator, as in Figure 4.3b

Modulating : : Frequency
o —> Differentiator F—> modulator

/ —Nl:“sf“—— \( A, cos (27f, 1)

()

—> PM wave

Dr. Ahmed Masri /
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Section 4.3: Relationship Between PM

and FM Waves

< We may thus deduce all the properties of PM signals from
those of FM signals and vice versa. Hencetorth, we

concentrate attention on FM signals.

Dr. Ahmed Masri /
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Section 4.3: Relationship Between PM

and FM Waves

X Summary

6,(1) (1)
Umnfodulated 271t r
signal
k _
PM signal 27 ft+k,m(t) " 2t
27 dt
FM signal 27 f t+27k, L:m( T)dt f.+km(t)

Dr. Ahmed Masri /
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Section 4.4: Frequency Modulation
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Section 4.4: Frequency Modulation
% The FM signal s(t) defined by Eq. (4.8) is a nonlinear tunction

L

of the modulating signal m(t), which makes FM a nonlinear

modulation process s(t)=4. cos[z,«‘r fit+27k, L: m( z')dr} (4.8)

\

<+ How then can we tackle the spectral analysis of FM Signai?

We propose to provide an empirical answer to this important
question by proceeding in the same manner as with AM

modulation, that is,

1. We first consider the sirnpie case of a singie—tone modulation

that produces a narrowband FM wave (Narrow bandwidth)

2. We next consider the more generai case also involving a singie—

tone modulation, but this time the FM wave is wide-band

Dr. Ahmed Masri /
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Section 4.4: Frequency Modulation

Our immediate objective is to establish an ernpiricai relationship
between the transmission bandwidth of an FM wave and the

message bandwidth

Consider then a sinusoidal modulating Signai define by
m(t)=A4,cos(27f, 1)

The instantaneous frequency of the resulting FM signai is

fi(t)=f.+k A, cos(2xf,t)=f.+Af cos(27 f,1) 4.11)
Af =k A, (4.12)

@ Dr. Ahmed Masri /
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Section 4.4: Frequency Modulation

The quantity Afis called the frequency deviation, representing
the maximum departure of the instantancous frequency of the

FM signal from the carrier frequency f

A fundamental characteristic of an FM signal is that the frequency
deviation Af'is proportional to the arnplitudc of the

rnodulating signal and is incccpcndcnt of the rnodulating

frcqucncy

Using Eq. (4.11), the angle 0i(t) of the FM signal is obtained as

Q(r):.?,/rﬁj:(r)dr:z;rﬂr | ‘Xsm(zz 1)

@ Dr. Ahmed Masri /




The ratio of the frequency deviation Af to the modulation
frequency f s Commonly called the modulation index of

the FM wave. We denote this new parameter by B so we write

And

Section 4.4: Frequency Modulation

-

\

p

WE.. |
~

~N

/

9;(t) = 2uf.t + B sin(2wf,,t)

©

(4.14)

557121

(4.13)
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Section 4.4: Frequency Modulation

The parameter P represents the angle deviation of the FM
signal, i.c. the maximum departure of the angle 0;(t) from

the angle 27tf t of the unmodulated carrier.  is measured in

radians.

The FM signai itself is given by

s(t)=4 cos[.’erfcr fsin(2r mr)]

(4.16)

- Depending on the value of the modulation index f#, we may

distinguish two cases of frcqucncy modulation:

O Narrow-band FM, for which B is small compared to one radian

@Wide-band FM, for which B is large compared to one radian
\ Dr. Ahmed Masri /
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Section 4.4: Narrow-Band Frequency

Modulation

Narrow-band frequency modulation
s(t)=A4 cos[.’z;rfcr + [sin(27 mr)] (4.16)
* Consider Eq. (4.16), which defines an FM signals resulting from

the use of sinusoidal modulating signal. Expanding this relation,

we get

G EI T cos(2;rj:_r)cos[,8 sin(2zft )] — A sin(2x f.t)sin :,B sin (27 mr)] (4.17)

* Assuming that the modulation index P is small compared to one

radian, we may use the following two approximations:

cos[ﬁsin(brj;,r)] ~ ] sin[ﬂ si11(2/rﬂ"r):| ~ fBsin(27 f,t)

s(t)=4A.cos(27ft)— A sim(2xft)sin(27f, 1) (4.18)
@ Dr. Ahmed Masri /
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Section 4.4: Narrow-Band Frequency

Modulation
s(t)=A cos(2xft)-PA sm(2xft)sin(27f, 1) (4.18)
sina'sinﬂ=%[cos(a—ﬂ)-cos(a+ﬁ)]

s(t)=A cos(27ft)+ ,84{cos|:7;r + )t s[Z;rf = r]} (4.19)

® This expression is somewhat similar to the orresponding one

defining an AM signal (from Example 3.1):

s o (1) =4 cos(27ft)+ E/IA \cos| 272 (£, + £,,)1

@ Dr. Ahmed Masri /
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Section 4.4: Narrow-Band Frequency

Modulation
® Compare Egs. (4.19) and (4.20), we see that the basic

difference between an AM signal and a narrow-band FM signal is
that the algcbraic sign of the lower side frcqucncy in the

narrow-band FM is reversed

» Thus, a narrow-band FM signal requires essentially the
same AM signal transmission bandwidth (i.e. 2f, ) as AM

S1 gn al

@ Dr. Ahmed Masri /
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Section 4.4: Narrow-Band Frequency

Modulation

Equation (4.18) detines the approximate torm of a narrow-band

FM wave produced by the sinusoidal modulating wave
A cos(2Tf t)
s(t) = A, cos(2mf.t) — BA. sin(2wf.t) sin(2wf,,t)

Narrow-band
phase modulator

|
Modulating I

phase-shifter A cos(2nf, t)

Product ~ | Narrow-band
av ———————————————-
Wave =3 [ntegrator —,—» i % +—:—>— Bk s
I
: A sinQ2mf, 1) |
I
|
| -90° | Carrier wave
|
| |
| |

@ FIGURE 4.4 Block diagram of an indirect method for generating a narrow-band FM wave.
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Section 4.4: Narrow-Band Frequency

Modulation

Phase Noise

Q Phase noise is often introduced by oscillators in band—pass

communications and has a number of causes.

QO Some causes are the deterministic. such as those created by

changes in oscillator temperature, supply voltage, physical
vibration, magnetic field, humidity, or output load

impedance.

Q The phase noise due to these sources may be minimized by good

design.

@ Dr. Ahmed Masri /
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Section 4.4: Narrow-Band Frequency

Modulation

Q Other sources are categorized as random, which can be

controlled but not eliminated by appropriate circuitry, such as

phase-lock loops ( PLL).

Q The phase noise introduced by oscillators has a multiplicative

effect on an angle—modulated signal.
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Section 4.5: Wide-Band Frequency

Modulation

Wide-band frequency modulation

Q The following studies the spectrum of the single—tone FM signal
of Eq. (4.16) for an arbitrary value of the modulation index J3.

s(t)=A cos[zﬂﬁr + ,Bsiu(.’z,?rﬁnr)] (4.16)

0 By using the complex representation of band-pass signals
described in Chapter 2: (Carrier frequency f,. compared to the
bandwidth of the FM signal is large enough)

s(t)=Re :AC exp(j27fit+ jﬁsin(zzrfmf))] (4.21)

=Re §(r)exp(j27rﬁr)]

where s(7)= A4 exp[ jpsm(2xf t )] — periodic function
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ection 4.5: Wide-Band Frequency Modulation
§(1)=4.exp| jBsin(27f,1) |
Q0 We may therefore expend $(#)in the form of complex Fourier
series as follows: -; Z c e‘(p ]772'7’1f ,) _—
12 £, ,
=i I sy (7)exp(—j27nf, t)dt
f C —fmACI .r expl:jﬂsin(Zirfmr)—j2m7jjnr}lr (4.24)
x=2wf t
c, = j;r J._Hexp[j (fsinx—nx) ]dr (4.20)
C C, —ACJn(ﬂ) g™ 3 (,6’)_—| e\p| | j(Bsinx - m)|d\ (4.28)
nth order Bessel function of the first kind.
s(1)=4 Re| 3 J,(B)exp[ j22(f+nfy)i]| 43D
@ i o Dr. Ahmed Masri /
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O Taking the Fourier transforms of both sides of Eq. (4.31)

S(£)=2 S IB)O(F - fo-nf, ) +8(7 + £ +nf,)] 43D

O In Figure 4.6 we have plotted the Bessel function J_(B) versus

the modulation index P for different positive integer values of

1.0

0.4
@ FIGUREA4.6 Plots of Bessel functions of the first kind.
35 Dr. Ahmed Masri
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Section 4.5: Wide-Band Frequency

Modulation

Q We can develop further insight into the behavior of the Bessel
function J,(B) by making use of the following properties:

1. Forn even, we have ], (P)=]_.(B); on the other hand, for n
, we have J (B) = -J_,(P). That is

J (B)=(-1)J_ (B) foralln (4.33
2. For small values of the modulation index /7, we have
Jo(F)=1
J,(B) zg ¥ (4.34)
Jn(ﬁ):o n>2

2.7, (B)=1 (4.35)
@ =00 Dr. Ahmed Masri /




/ 67/ 121
Section 4.5: Wide-Band Frequency

Modulation
O Thus, using Eqs. (4.32) through (4.35) and the curves of Figure

4.6, we may make the following observations:

1. The spectrum of an FM signal contains a carrier component

(n=0) and an infinite set of side frequencies located

symmetrically on cither side of the carrier at frequency

separationsot £, 2f 3f ...

N

(An AM system gives rise to only one pair of side

frequencies.)
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(‘This situation corresponds to the special case of narrowband FM
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Section 4.5: Wide-Band Frequency
Modulation

For the special case of 3 small compared with unity, only the
Bessel coefficients J,(P) and J,(P) have significant values (see
4.34), so that the FM signal is effectively composed of a
carrier and a single pair of side frequencies at . T f .

that was considered previously)
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Section 4.5: Wide-Band Frequency
Modulation

The envelope of an FM signal is constant, so that the average
power of such a signal developed across a 1—ohm resistor is

also constant, as shown by

G -

| B .
P=—A4" (Using (4.31) and (4.35))

2 Cc
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Section 4.5: Wide-Band Frequency

Modulation
EXAMPLE 4.3: Spectra of FM Signals

Q In this example, we wish to investigate the ways in which

variations in the amplitudc and frcqucncy of a sinusoidal

modulating signal attect the spectrum of the FM signaﬁ.

Q Consider first the case when the frequency of the modu
signal is tixed, but its amplitude is varied, producing a

corresponding variation in the frequency deviation Af

K Dr. Ahmed Masri

Lating
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Section 4.5: Wide-Band Frequency
Modulation
EXAMPLE 4.3: Spectra of FM Signals
10 —10
A
f 4
-l
it ¥ f it b s f
—2Af [+ —| 2Af |~
(a) (b)
— 1.0
Af =k ¥ A‘m
A ‘ o e
B o f e A ‘[ ‘ 1‘ 1 t with.respcc:.loc:herunnlllodulatedr
= g R e e
——2af — B e e
(c) frequencies are shown.
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Section 4.5: Wide-Band Frequency

Modulation
EXAMPLE 4.3: Spectra of FM Signals

O Consider next the case when the amplitude of the modulating
sional is fixed; that is, the frequency deviation Af is maintained

constant, and the modulation frequency f , is varied.

QO We have an increasing number of spectral lines crowding into

the fixed frequency interval £ -Af<| f | <f_+ Af .
O When B approaches infinity, the bandwidth of the FM wave

approaches the limiting value of 2Af, which is an important

point to keep in mind.
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Section 4.5: Wide-Band Frequency

Modulation
EXAMPLE 4.3: Spectra of FM Signals

— 1.0

=0

S SR 1 1 1 T
—— 2Af —> A
Af =k,A4,
Af
B=—F " It 11t 1]
ﬁn ’ “” [J{TLI hu f
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Section 4.6: Transmission Bandwidth

of FM Signals

Transmission Bandwidth of FM Signals

Q In theory, an FM signal contains an infinite number of side
frequencies so that the bandwidth required to transmit such a
signal is similarly infinite in extent.

Q In practice, however, we find that the FM signal is effectively
limited to a finite number of signiticant side frequencies

compatible with a specified amount of distortion.
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Section 4.6: Transmission Bandwidth

of FM Signals

Transmission Bandwidth of FM Signals
Q Consider the case of an FM signal generated by a single—tone

modulating wave of frequency f,,,.
» Insuch an FM signal, the side frequencies that are separated

from the carrier frequency f by an amount greater than the

frequency deviation Af decrease rapidly toward zero, so that the

bandwidth always exceeds the total frequency excursion, but

nevertheless is limited.
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Section 4.6: Transmission Bandwidth

of FM Signals

Transmission Bandwidth of FM Signals

QO We may thus detine an approximate rule for the transmission
bandwidth of an FM signal generated by a single—tone

modulating signal of frequency f as follows:

76 /121

B =2Af+2f 2Af(1 1) [Lueel B =24
o - — 4 —
S “Jm Small > B. =21 | -
p) \Smallh Ja)  (4.38)
This empirical relation is known as Carson’s rule.
Dr. Ahmed Masri /
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Section 4.6: Transmission Bandwidth

of FM Signals

Transmission Bandwidth of FM Signals

Q For a more accurate assessment of the bandwidth requirement
of an FM signal, we may thus define the transmission
bandwidth of an FM wave as the separation between the
two frequencies beyond which none of the side frequencies
is greater than 1% of the carrier amplitude obtained when

the modulation is removed.

Q That is, we define the transmission bandwidth as 2n_ S Where
. s the modulation frequency and n,,,, is the largest value of

the integer n that satisfies the requirement | ], (p)|> 0.01
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- Section 4.6: Transmission Bandwidth

of FM Signals

Transmission Bandwidth of FM Signals

TABLE 4.2  Number of Significant Side-Frequencies of a Wide-Band FM
Signal for Varying Modulation Index

Modulation Index B Number of Significant Side-Frequencies 2n .
0.1 2
0.3 4
0.5 -
1.0 6
2.0 8
5.0 16
10.0 28
20.0 50
30.0 70
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- Section 4.6: Transmission Bandwidth

of FM Signals

Transmission Bandwidth of FM Signals

40
|
20 ﬁ
]
—
(2]
=i e 38 (2+ 2}
Z 8 A n
i / P
s 4
S
> —— -
—e-
2
1
0.1 0.2 04 06 0810 2 4 6 8 10 20 40

Modulation index, 8

FIGURE 4.9 Universal curve for evaluating the one percent bandwidth of an FM wave.
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Section 4.6: Transmission Bandwidth

of FM Signals
ARBITRARY MODULATING WAVE

* Consider an arbitrary modulating wave m(t) withW denotes the

message bandwidth

® One way of tackling it is to seek a worst-case evaluation of the

transmission bandwidth

® We first determine the so-called deviation ratio D, defined as
the ratio of the frequency deviation Af, which corresponds to

the maximum possible amplitude of the modulation wave m(t)

@ Dr. Ahmed Masri /
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Section 4.6: Transmission Bandwidth

of FM Signals
ARBITRARY MODULATING WAVE

® The deviation ratio D plays the same role for nonsinusoidal

modulation that the modulation index P plays for the case of

sinusoidal modulation, so

BT — 2.(.lf+ W)

This is the generalized Carson rule for the transmission

bandwidth of an arbitrary FM signal

® From a practical viewpoint, the generalized Carson rule

somewhat underestimates the bandwidth requirement of an

FM system, whereas, in a corresponding way, using the

ouniversal curve yields a somewhat conservative result
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Section 4.6: Transmission Bandwidth

of FM Signals

Example

® In North America, the maximum value of frequency deviation is

fixed at 75 kHz for commercial FM broadcasting by radio. If we
take the modulation frequency W =15 kHz, which is typically
the “maximum” audio frequency of interest in FM transmission,

we find that the Corresponding value of the deviation ratio is

lusing Eq. (4.38)]

@ Dr. Ahmed Masri /
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Section 4.6: Transmission Bandwidth

of FM Signals

Example

® Using the values Af = 75 kHz and D =5, in the generalized
Carson rule of Eq. (4.39), we find that the approximate value of
the transmission bandwidth of the FM signal is obtained as

By = 2(75 + 15) = 180 kHz

® On the other hand, use of the universal curve ot Fig. 4.9 gives
the transmission bandwidth of the FM signal to be

Br=32Af=3.2 X75 =240 kHz
® In this example, Carson’s rule underestimates the

transmission bandwidth by 25 percent compared with the
@result of using the universal curve of Fig. 4.9
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Section 4.7: Generation of FM Waves

Generation of FM Waves

® According to Eq. (4.5), the instantaneous frequency f;(t) of an

FM wave varies linearly with the message signal m(t).

fi(t) = f. + kem(t) (4.5)

® For the design ot a frequency modulator, we therefore need a
device that produccs an output Signal whose instantanecous
frcqucncy is sensitive to variations in the amplitudc of an input

Signal in a linear manner

@ Dr. Ahmed Masri /
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Section 4.7: Generation of FM Waves

There are two basic methods of generating frequency—moduiated

waves, one direct and the other indirect
DIRECT METHOD

® The direct method uses a sinusoidal oscillator, with one of the

reactive elements (e.g., capacitive element) in the tank circuit of

the oscillator being directly controllable by the message signal
Disadvantage:

A serious limitation of the direct method is the tendency for the
carrier frequency to drift, which is usually unacceptable for

commercial radio applications

@ Dr. Ahmed Masri /




Section 4.7: Generation of FM Waves

DIRECT METHOD

» 'lTo overcome this limitation, frequency stabilization of the FM

generator is required, which is realized through the use of

feedback around

> Although the oscil

of frequency stabil

design of the frequency modulator

o

86 /121

the oscillator

lator may itselt be simple to build, the use

ization adds system complexity to the
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Section 4.7: Generation of FM Waves
INDIRECT METHOD: ARMSTRONG MODULATOR

J  The message signal is first used to produce a narrow-band FM,

which is followed by frequency multiplication to increase the

frequency deviation to the desired level

» This modulation scheme is called the Armstrong wide-band

frequency modulator
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Section 4.7: Generation of FM Waves
INDIRECT METHOD: ARMSTRONG MODULATOR

Narrow-band frequency modulator

4 N
M‘?Sﬁage Narrow-band Frequency Wide-band
SIZNA] g INIEZTALOT ey phase T BN | FM wave
m(t) modulator J P )
Crystal
controlled
oscillator

FIGURE 4.10 Block diagram of the indirect method of generating a yide-band FM wave.

(" FM wave s(t) with Bandpass FM wave s'(¢) with carrier T
carrier frequency f, Memoryless (1) Eia frequency f. = nf.
and modulation == nonlinear devioe mid-band > and modulation

. index f3 frequency nf. index 73
S6 RN J
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Section 4.8: Demodulation of FM

Signals

With the frequency modulator being a device that produces an
output signal whose instantancous frequency varies linearly with

the amplitude of the input message signal

» It tollows that For frequency demodulation we need a device
whose output amplitude is sensitive to variations in the
instantaneous frequency of the input FM wave in a linear

manner too
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- Section 4.8: Demodulation of FM

Signals

In what follows, we describe two devices for frequency

demodulation:

1. One device, called a frequency discriminator, relies on slope

detection followed by envelope detection

2. The other device, called a phase-locked loop, performs

frequency demodulation in a somewhat indirect manner
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Section 4.8: Demodulation of FM

Signals - Frequency Discriminator

921 /121

Dr. Ahmed Masri /




92 /121

-~
Section 4.8: Demodulation of FM

Signals
1. FREQUENCY DISCRIMINATOR

= Frequency demodulators produce output Voitage whose

instantaneous amplitude is directi_y proportionai to the

instantaneous frequency of the input FM wave

gm(t)=Acos| ot +k, Jm(a)da .

= To extract the message signal contained in an FM signal, we

can transfer the information from the angie to the magnitude

by sirnpiy differentiating the FM signai

@ Dr. Ahmed Masri /
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Section 4.8: Demodulation of FM
Signals

Since the derivate of a sinusoid results in multiplying the
magnitude of the sinusoid by the derivate of its angle, the
derivative of the above FM signal becomes

d t ' I
gf(:-';f( ) . 5 (o, +k, m(@)]|sin| o1 +k, f m(a)d a
r —Q0C

S0, the message signal of the above derivative is contained in

the frequency of the sinusoid and also in its magnitude

It is AM + FM signal. Passing the derivative of the FM signal
through an envelope detector will give the desired message

signal at the output.
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Signals

Signal Differentiation Frequency Demodulator

Section 4.8: Demodulation of FM

= Theretore, the following block diagram is an FM demodulator

94 / 121

a0)

grdt) —~ ry

-A o, +k;m (r)]sin{c-)cr +k; J m (o )d a‘]

Envelope
Detector

(and DC Blocker)

» m(1)
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- Section 4.8: Demodulation of FM

Signals

1. FREQUENCY DISCRIMINATOR — More details
Recall that the FM signal is given by

t
s(t) = A, cos(lwﬂt + Zﬂk/'/ m(T) dr)
0

» The question to be addressed is: how do we recover the

message signal m(t) from the modulated signal s(t)?

= We can motivate the formulation of a receiver for doing this

recovery by noting that if we take the derivative of the above Eq

ds(t ’
i;’(t) = —2mwA[f. + krm(t)] sin(Zwﬁ.t + Zﬁkf/ m(T) d'r) (4.45)
0
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Section 4.8: Demodulation of FM

Signals
1. FREQUENCY DISCRIMINATOR — More details

ds(t t
;(t) = =27A[f. + kfm(t)] sin(.?.wﬁ.t + Zwkf/ m(T) d”') (4.45)
0

We observe that the derivative is a dand—pass signal with

amplitude modulation detined *:)y the multiplying term
[fet krm(t)]

» Consequently, if £ is large enough such that the carrier is not

over modulated, then we can recover the message signal with

an envelope detector in a manner similar to that described for
AM signals
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Signals

1. FREQUENCY DISCRIMINATOR — More details
This idea provides the motivation for the frequency

discriminator, which is basically a demodulator that consists of

a differentiator followed by an envelope detector




- Section 4.8: Demodulation of FM

Signals
1. FREQUENCY DISCRIMINATOR — More details

 Ditterentiation corresponds to a linear transter function in the

frequency domain; that is % = 2uf (4.46)

- In practical terms, it is ditficult to construct a circuit that has a
transfer function equivalent to the right-hand side of Eq. (4.46)

for all frequencies

- Instead, we construct a circuit that approximates this transter

function over the band-pass signal bandwidth—in particular, for

fc «(B1/2)<=|t | <= tc +(B1/2)
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Signals
1. FREQUENCY DISCRIMINATOR — More details

JA typical transfer characteristic that satisfies this requirement is

described by

i2a(f — (f- — Br/2)), f.— Br/2)=|fl=f + (Br/2) |
Hi(f) = {0 otherwise s
» The transter characteristic ot this so-called slope circuit
H,(f)
Unit slope
N\
jmB

0

FIGURE 4.12 Frequency response ol an ideal slope circuit. .
@ | : I I Dr. Ahmed Masri /




- Section 4.8: Demodulation of FM

Signals

1. FREQUENCY DISCRIMINATOR — More details
- We find that the complex envelope of the FM signal

s(t) = A, cxp(;’lﬂ'kfﬂ m(T) d'r)
- The complex baseband filter (i.e., slope circuit) corresponding

to kEq. (4.48) as

Bt - {j277[f+ (Br/2)], —Br/2 == Br/2 L
0, otherwise

- Let 5,(r) denote the complex envelope of the response of the

slope circuit due to s(#)

—
$1(f) = 5 Hi(1)S(f)
2
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- Section 4.8: Demodulation of FM

Signals
1. FREQUENCY DISCRIMINATOR — More details

J Then, according to the band-pass to low-pass transtormation

described in Chapter 3, we may express the Fourier transform

of s1(2) as:
$(F) = 5 Fh(FS(f)
(£ + 280 )50, —3Br=rf=1Bs
~ 1o elsewhere (4.50)
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- Section 4.8: Demodulation of FM

Signals
1. FREQUENCY DISCRIMINATOR — More details

1. Multiplication of the Fourier transform S(f) by j2#f i1s equivalent to differentiating
the inverse Fourier transform s(#) in accordance with Property 9 described in Eq.

(2.33), as shown by

d_,. __ .. 5
= 5(t) == j27fS(f)

2. Application of the linearity property (i.e., Eq. (2.14)) to the nonzero part of §1(f)
yields

1d l

s1(2) = 5 dts( ) + EI"TBTS(t) (4.51)

- Substituting Eq. (4.48) into (4.51), we get

) 2k ) f
s1(t) = %iﬂAcBT I & (B;)m(t) exp(jlwk,r/o m(T) d'r) (4.52)
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Section 4.8: Demodulation of FM

Signals

1. FREQUENCY DISCRIMINATOR — More details
- Finally, the actual response of the slope circuit due to the FM

wave s(t) is given by
s1(2) = RC[?l(t)_C‘XP(iZWf t)]

1 2kp\ t w
= —7ABf{ 1 + m(t) cos(zwﬂ.t g 2.7ka/ m(7) dt + —) (4.5:
2 8 BT B 0 2

)

g

® s1(t)is a hybrid modulated wave, exhibiting both amplitude
modulation and frequency modulation of the message signal

m(t). Provided that we maintain the extent of amplitude

modulation ( 2k,
L, i

)m Nmax < 1, for all ¢
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Signals

1. FREQUENCY DISCRIMINATOR
- 'The output of the enyelope detec‘Eor is given by

2k
vi(t) = é’ITA(-BT 1 + (B—;)m(t) (4.54)

J The bias in v1(t) is defined by the constant term in Eq. (4.54)-

namely, - A_B/2
-l To remove the bias, we may use a second slope circuit

followed by an envelope detector of its own

 This time, however, we design the slope circuit so as to have a

negative slope
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Section 4.8: Demodulation of FM

Signals
1. FREQUENCY DISCRIMINATOR

- 'The output of this second configuration is given by

|

2k
vy(t) = STABT 1 — | 2~ m(2)
L i _

- Accordingly,

v(t) = vi(2) — va(2)
= cm(t)

where ¢ is a constant

o

(4.55)

(4.56)

~. Ahmed Masri
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- Section 4.8: Demodulation of FM

Signals

1. FREQUENCY DISCRIMINATOR

» The upper path of the figure pertains to Eq. (4.54).
» The lower path pertains to Eq. (4.55)
» The summing junction accounts for Eq. (4.56).

o o velo
—> Positive slope circuit =——>- Envelope
detector
: Message
Wideband FM 5 signal m()
M ! z (cxccpt for
scaling)
: _ Envelo |
—> Negative slope circuit =——> pe
detector

FIGURE 4.13 Block diagram of balanced frequency discriminator.
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Section 4.8: Demodulation of FM
Signhals - Phase-Locked Loop
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- Section 4.8: Demodulation of FM

Signals

The phase-locked loop is a feedback system whose operation is

Closely linked to frequency modulation

» It is commonly used for carrier synchronization, and indirect

frequency demodulation

» It can be used also for frequency division/multiplication and

frequency modulation
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Section 4.8: Demodulation of FM

Signals

Basically, the phase-locked loop consists of three major

Components :

I.  Voltage-controlled oscillator (VCO), which performs

frequency modulation on its own control signal

II.  Multiplier, which multiplies an incoming FM wave by the

output of the Voltage—controlled oscillator.

[II.  Loop filter of a low-pass kind, the tunction of which is to
remove the high—frequency components contained in the
multiplier’s output signal and thereby shape the overall

frequency response of the system
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Section 4.8: Demodulation of FM

Signals
A closed-loop feedback system

FM wave

e(t)
s() >< ﬁ]tcr wt)
| () Voltage
controlled
oscillator

FIGURE 4.14

Block diagram of the phase-locked loop.
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J TheVCO is a sinusoidal generator whose frequency is

determined by a Voltage applied to it from an external source.
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Signals

To demonstrate the operation of the phase-locked loop as a
frequency demodulator, we assume that the VCO has been
adjusted so that when the control signal (1.e., input) 1s

zero, two conditions are satisfied:

1.The frequency of the VCO is set precisely at the unmodulated

carrier frequency of the incoming FM wave s(t)

2. The VCO output has a 90—degree phase-shift with respect to the

unmodulated carrier wave
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- Section 4.8: Demodulation of FM

Signals
It the incoming FM wave is detined by

s(t) = A sin|2mf.t + $1(2)] (4.57)
t
b1(t) = 2'n'kf/ m(7) dr (4.58)
0

» We define the FM wave produced by the VCO as

r(t) = A, cos[2mft + da(t)] (4.59) FM wave e(?)
= >< ﬁltcr

t
bH(t) = Z'n'k,,/ v(7) dr (4.60) ;
0 () Voltage
controlled

oscillator

@ Dr. Ahmed Masri
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Section 4.8: Demodulation of FM
Signals

The tunction of the feedback loop acting around the VCO is to
adjust the angle @,(t) so that it equals @, (t), thereby setting the

stage tor frequency demodulation

Q To deve.

113 /7 121

op an understanding of the phase-locked loop, it is

desirab.

Q In what

subsequentiy linearized to simplify the analysis

L

e to have a model of the 100:_:)

follows, we first develop a nonlinear model, which is
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- Section 4.8: Demodulation of FM

Signals

Phase-Locked Loop —non linear model

o According to Figure 4.16, the incoming FM signal s(7) and the VCO
output »(7) are applied to the multiplier, producing two components:

1. A high- frequency component, represented by the double- frequency
—— k, A A sin[ 47 .1+, (1) +,(1)]

2. A low- frequency component, represented by the difference-

frequency term
m cAw Slnl:¢l 7 )]

where &k 1s the multiplier gain, measured 1n volt!.
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Signals

Phase-Locked Loop —non linear model

o The loop filter in the phase-locked loop is a low-pass filter, and 1ts
response to the high- frequency component will be negligible.

o Theretore, discarding the high-frequency component (1.e., the
double- frequency term), the iput to the loop filter 1s reduced to

e(t)=k,4.4,sin| 4,(7)] (4.63)

where ¢ (7) 1s the phase error defined by

FM wave

s(t) _,.><ﬂ,. ¢e (f) = ¢1 (t)_¢2 (f)

li) =4, (r)—27rkv.|‘;u(z')dz' (4.64)
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Signals

Phase-Locked Loop —non linear model

o The loop filter operates on the input e (7) to produce an output v(7)
defined by the convolution integral

o0

U(f):J‘_me(z')h(r—r)dr (4.65)

where /(7) 1s the impulse response of the loop filter.




- Section 4.8: Demodulation of FM

Signals

Phase-Locked Loop —non linear model

o Using Eqs. (4.64) to (4.65) to relate ¢ (7) and ¢ ((7), we obtain the
following nonlinear integro-differential equation as descriptor of the
dynamic behavior of the phase-locked loop:

dg, (1) d¢ (1)

= 27K, sm h t—t Mt
% - o 4.(7) (=7 (4 66)
where K 1s a loop-gain parameter defined by
K ki" kU AC AU (4°67)
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Section 4.8: Demodulation of FM

Signals

Phase-Locked Loop —non linear model

o Equation (4.66) suggest the model shown 1n Figure 4.17 for a phase-

locked loop. -

+ ¢, (1)
mm—)@—> sin () —é— h(t)

ﬁé— (1)

/
f(H -
0

o In this model we have also included the relationship between v(7)

and e(?) as represented by Eqgs. (4.63) and (4.65).

L

Dr
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- Section 4.8: Demodulation of FM

Signals

Derivation of Eq. 4.66

¢.(1)=¢(1)-¢.(r)
=@ (t)- 27k, _[;u(r)dr (u(r) = ‘Ce(r)h(r ~7)d7, e(t)=k,A.4, sin[ 4, (r)])

=4 (1)~ 272k, [ [~ k, 4.4, sin[ 4, (k) s (7 - k) dkar
=4 (1)-27K, [ [ sin[ 4, (k) Jr(r—k)dkdr (K =kk,4.4,)
=4 (1)-27K, [ sin[g, (k)] | h(z - k)drdk

o¢,(1) _od(r) o¢.(r)

ot ot ot
_ogi(r) 82K, [ sin[g, (k)][ h(r-k)rdk
ot ot
(by using the Leibmiz integral rule)
5(a) b(a)
> | rei="2 re@).0)- 52 fa@.ar+ | LDy
O 4ia) iy
el hit-k
6@(1‘)_7;”( [ [¢'(k)] _[0 I(i )dfdk
ot ot

_o4(r) : ~
@ ot 27k, ‘L‘ sm[¢' (k)] h(t k)dk Dr. Ahmed Masri /




- Section 4.8: Demodulation of FM

Signals

Phase-Locked Loop — linear model

o When the phase error ¢ (7) 1s zero, the phase-locked loop 1s said to
be 1 phase-lock. When ¢ ,(7) 1s at all times small compared with
one radian, we may use the approximation

sin| ¢, (1) | =4,(7) (4.68)
which 1s accurate to within 4 percent for ¢ (7) less than 0.5 radians.

o We may represent the phase-locked loop by the linearized model
shown 1n Figure 4.18a.
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- Section 4.8: Demodulation of FM

Signals

Phase-Locked Loop — linear model

o We may represent the phase-locked loop by the linearized model

shown 1n Figure 4.18a.
d,(1) d

"
277!\'0 2”"}.“
1
2wk,
+ b,(1)
100 2 h(1) &
b (1)
4
f di |-
0

(a)

@ Figure 4.18 Models of the phase-locked loop. (a)Linearized model.
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